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INTRODUCTION. 



Rietnann, in his well known publication on the 
" Hypothesen, welche der Geometrie zu Grunde liegen," 
started from his definition of an arc-element in a 
manifoldness of n dimensions, 



ds = V 2 a lk dx 4 dx k , 

in which the quantity under the radical is always posi- 
tive and then proceeded to the development of the con- 
ception of constant measure of curvature, which is per- 
haps the substantial result of the publication. Helm- 
holtz on the contrary goes still further back and at- 
tempts to found Riemann's assumption. He makes his 
own assumptions and, from these as a base, he attempts 
to prove that all the transformations possible under his 
conditions have the invariant 

2 a ik dx t dx k . 

Lie in an article in the " L,eipziger Berichte," for Oc- 
tober, 1886, notes inaccuracies in the development and 
points out that, under one interpretation of Helm- 
holtz's axiom of unrestricted motion (f reie Beweglichheit), 
his monodrom axiom is entirely superfluous, while un- 
der another interpretation, even all the axioms would be 
insufficient to determine the groups, which preserve the 
geometric qualities of a rigid body in space. Lie, in a 
later article in the same publication, 1 proves rigidly the 

1 Leipziger Berichte , Oct., 1890. 
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truth of his statement made in his article of 1886. He 
proceeds from Helmholtz's assumptions, with the excep- 
tion of one, namely, the monodrom axiom and deter- 
mines all the groups, satisfying the given conditions. 
Under the most general interpretation of the axiom of 
" unrestricted motion," he gets, besides the groups of 
Euclidian and non-Euclidian motion, five others. Kow- 
alewski, a pupil of L,ie, has in his inaugural disser- 
tation 1 extended Lie's investigations in space of three 
dimensions to that of four and five. Besides the Euclid- 
ian and non-Euclidian groups, he finds three others that 
satisfy the condition of unrestricted motion. The dis- 
cussion of these eight groups, or more particularly the 
one-parametric sub-groups, is the chief aim of this dis- 
sertation. 

The behavior of points under certain special con- 
ditions is in some cases most remarkable. Some- 
times all the points of a surface remain at rest and some- 
times not, depending upon the choice of the points we 
hold stationary. In some cases too, we find all the 
points of a surface invariant wherever we may choose 
our points. Then, too, iii space of four dimensions, we 
find one group has in some cases closed path-curves and 
in others not. 

To give Lie's development in its entirety is of course 
out of the question, but at the same time, in order that 
we may have a proper insight into the groups, a short 
sketch is necessary. 

1 •' Uber eine Kategorie von Transformationsgruppen einer vierdim- 
ensionalen Mannigfaltigkeit." 1898. 



CHAPTER I. 

SKETCH OF LIE'S DEVELOPMENT OF THE GROUPS 
SATISFYING THE AXIOMS OF HELMHOLTZ. 

Lie sums up the Helmholtz axioms in the following 
words : 1 
Let 

yi = f (x, y,z, a x . . . . a r ) 
y 1 = <^(x,y,z,a 1 . . . . a r ) 
Zi = ^(x,y,z,a 1 . . . . a r ) 

be a set of real transformations in space of three dimen- 
sions under the following conditions : 

(A) The functions p y <£, ty are analytical functions 
of the variables and the parameters. 

(B) Two points shall have one and only one invari- 
ant in the group. 

(C) There shall be unrestricted motion in space, that 
is : the point x x y x z t can be transformed into every other 
point in space. If we keep x l y x z Y fixed, then a second 
point can take oo 2 positions. Hold two points station- 
ary, then a third point can take oo 1 positions. Finally, 
if we hold three points stationary, then all the points 
in space remain stationary. 

(D) If we hold two points stationary and transform 
the remaining points in all possible ways, then the 
points, after traversing a finite distance, shall return at 
the same time to their initial positions. 

1 Leipziger Berichte> Oct., 1890. 



— 8 — 

That this set of transformations under the conditions 
A, B, C form a group with six parameters is evident. 
We have then the problem, to find all the six parametric 
groups in space, which are defined by real analytical 
equations and for all real points satisfy the conditions 
B and C. 

The six equations : 

W k /r = ^ k (x 1 ,y 1 , z,)^- f k (x 2 , y 2 , z 2 )— t = o 

(k = i, 2, . . 6). 
can have one and only one solution. Therefore 

A w = S ± ^ (x lf Y v z x ) . . . . f 6 (x 2 , y 2 , z 2 ) = o 

while the 5 rowed sub-determinants do not all vanish. 

We can put this criterion in another form. We mul- 
tiply the W k f by such quantities ^ . . . . ^ 6 , that 

the co-efficients of ^, ^, ^, in the expression ^W^l 

+^ 6 W 6 f, shall be equal to zero. We obtain 

three equations in the </^s with co-efficients depending on 
x i> Yv z v which we can solve for three of the fs. The 
other three are indeterminate. We choose three of the 
many expressions 

so that no relation 

w i (x LI y„ z x ) V, F + co 2 V 2 f + <o s V, f = o 
exists, and set 

V r=£ l8f 4- n 1 *? + £ l * f 
8x 2 8y 2 8z 2 
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The determinant A y = S± £\ rf l 2 £ l 3 vanishes with A w 
and the two rowed sub-determinants vanish with the 
five rowed sub-determinants of A w . The geometric sig- 
nificance of this is, that a pair of points can not be trans- 
formed into every other pair but only into oo 6 pairs, and 
that is exactly the significance of the condition that two 
points have one and only one invariant. We have then 
the following criterion : If three independent infinitesi- 
mal transformations, Y k /r = ap + ^q + yr, of a six- 
parametric group X x p . . . X 6 f, leave a point invari- 
ant, then two points have one and only one invariant, 
when the determinant of the sub-group vanishes identi- 
cally, while the two rowed sub-determinants do not all 
vanish. 

It is evident, that after holding one point x v y v z Y sta- 
tionary, all the other points move on oo L invariant sur- 
faces. In the case of the Euclidian motion, these sur- 
faces are the oo 1 spheres with the centre x l} y v z x which 
we will call pseudospheres. In the general case, we 
will therefore call the oo 1 invariant surfaces pseudo- 
spheres, with the centre x x y Y z v All these satisfy the 
three partial differential equations, 

Y k f = o, (k = i,2, 3). 

only two of which are independent. It is evident that 
a, P y y are not independent of x„ y v z v else there would be 
only oo 1 pseudospheres, which would violate the axiom 
of unrestricted motion. We see then that there are 
at least oo 2 pseudospheres in space. It is also evident, 
that there is not even one partial differential equation 
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A p ssa o, whose coefficients are independent of x t y 2 z v 
which is satisfied by all the pseudospheres in space. It 
follows easily then that among the infinitesimal trans- 
formations, no two occur, which satisfy the relation 

^X^+^X,/:" o. 

If we hold a point stationary under our six-parametric 
group, then the line-elements, through, the point, will be 
permuted among themselves by means of a projective 
group with at the most three parameters. We know 
also that a projective group in a plane, with not more 
than three parameters, has either an invariant pcint or 
an invariant conic. If we regard the co-ordinates of the 
line-elements d x, d y, d z as homogeneous co-ordinates 
in a plane, we come to the conclusion that our six-para- 
metric group leaves either a line-element or a cone in- 
variant. In the former case our group is imprimitive 
and leaves a set of oo 2 curves invariant. In the latter 
case our group is primitive and has the invariant differ- 
ential equation : 

a 11 dx* + a M dy 2 + Oj, dz 2 + 2 a 13 dx dy 
+ 2 a 2J dy dz + 2 a 81 dz dx = o. 

All the six-parametric primitive groups satisfying our 
conditions have been determined in an earlier publica- 
tion by Lie and are similar either to the Euclidian or 
non-Euclidiau groups by means of a real transformation. 
If the six-parametric group is imprimitive then it can 
occur that oo 1 surfaces remain invariant and it is in 
that case easy to prove that the surfaces are interchanged 
among themselves by means of a three-parametric group. 
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For if we introduce the invariant 4> (x, y, z) as a new 
variable x in our group, then the coefficients of all the 
p's will be simply functions of x and the shortened in- 
finitesimal transformations ( k (x) p form a group in one 
variable, which transforms the surfaces, at the most, by a 
three-parametric group. It is easy to see that the short- 
ened group is neither one or two-parametric, for in the 
first case there would exist only oo 1 pseudospheres in 
space and in the second case two of the infinitesimal 
transformations would have the same path curves, both 
of which are excluded. We have the result then, that 
the set of surfaces are transformed by a group with three 
parameters. 

We now go back to the case where our group leaves 
a line-element through a general point invariant. There 
exists then an invariant simultaneous system, 

dx __ dy __ dz 



a(x, y,z) 0(x,y, z) y(x,y,z) 

That is : the set of curves determined by the solutions, 

<£ (x, y, z) = c x and $ (x, y, z) = c, 

are invariant nnder our group. If we introduce these in- 
variants, as new x and y in our group, we obtain, 

x kf — t* ( x . y) P + V* (x, y) q + t (x, y, z) r. 
The shortened transformations, 

Y k f — £ k (x, y) p + *7 k (x, y) q 

form then a group which shows how the oo 2 surfaces 
are transformed. If the group had less than five par- 
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ameters, there would exist two infinitesimal transforma- 
tions with the same path curves, which is excluded. 
The set of straight lines is then transformed either five 
or six-parametrically. Is the group Y k p primitive and 
six-parametric, then it has the form 

p, q, xq, xp, yq, yp. I. 

If it is imprimitive, then it has at least an invariant set 
of curves <£ (x, y) = c. This, considered as an equation 
in space, represents a set of surfaces which is invariant 
for the group X k p and is transformed three-parametric- 
ally. The curves <f> (x, y) = c are therefore transformed 
in the same way and we have only to find the groups Y k p , 
which transform the invariant set of curves <t> (x, y) three- 
parametrically. The six parametric groups which con- 
form to this condition are the following : 

p, xp, x 2 p, q, yq, y a q. II. 

q, xq, x 2 q, p, xp+yq, x 2 p+2xyq. III. 

q, xq, x 2 q, p, xp + yq, x 2 p + 2xyq. IV. 

If the group Y k p is primitive and five-parametric, it has 
then the following form : 

p, q, xq, xp — yq, yp. V. 

If imprimitive : 

p, q, xq, 2xp + yq, x 2 p + xyq. VI. 

The groups sought for have the form : 

X k -Y kf + C k r t 
where the Y k p have one of the six forms above. By • 
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^bracket expressions we determine the £'s in all the cases 
and then examine the groups to see that they fulfil our 
conditions. The groups, obtained from the shortened 
groups I and III, do not conform to our conditions and 
from the others we obtain the four following : ' 

p, q, xp + r, yq + kr, I. 

x 2 p + 2 x r, y 2 q + 2 k y r. 

p, q, xq + r, x 2 q + 2 xr II. 

xp + yq + Ar, x 2 p + 2xyq+2(Ax+2y)r. 

P— yr. q + xr, r, III. 

xq, xp — yq, yp. 

p, q, r, xq + yr, 2xp + yq, IV. 

x 2 p + x y q + 1 y 2 r. 

As yet the problem has been solved only under the 
condition, that the quantities x y z are complex. We 
wish however to find all the real finite groups which 
satisfy our conditions. If a real group satisfies the con- 
ditions in regard to the invariants of two or more points, 
the group obtained by considering the variables x y z as 
complex quantities will also satisfy the conditions and 
is therefore six-parametric, and is by a real or complex 
transformation similar to one of the groups already 
formed. It is necessary therefore to find all real groups 
which are similar to the above mentioned groups by 
imaginary transformation. The groups found similar 
to II, III and IV are similar by means of a real substi- 
tution. Further, all groups similar to I by means of 
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real or imaginary transformation are similar by means- 
of a real substitution, except the following : 

p f q, xp+yq + ^r, 

yp — xq + mr V. 

(x 2 — y 2 ) p + 2 xy q + (2 kj x — 2 m y ) r 
2 x y p + (y 2 — x 2 ) q + (2 k x y + 2 x m) r 

which is similar by means of the substitution 



Xj = x + iy y 1 = x — iy z,= 



2 z 



kj+im 

in which, both k, and m can not vanish, and in which 

k _ k 1 -im 
k x + i m' 

We have then this group V to add to our list. 

Kowalewski by a similar discussion found besides 
the Euclidian and non-Euclidian groups in space of four 
dimensions the following three, which satisfy the condi- 
tions A, B, C : 

Pl -x a p 8 , p 2 + Xl p 3 , Xl p 2 , x l p 1 — x,p f , x 2 p lf 
x 8Ps + u > x sPi — x a U, x 8 p 2 + x x U, x 8 U. VI. 

Pl» P 2 » Ps» X lP 2 — X 8Pl» X 2P 8 — X »P2» 

X 5Pl~ X lP 8 . VII. 

U, 2XjU — Sp lf 2x 2 U — Sp 2 , 2x 8 U — Sp 8 . 

Pi> Pi» Ps> x iP 2 — X 2Pi» x 2 Pa + X 3P2» x sPi + x iP 8 » 

U, 2 x, U - (x^ x 2 2 — x 8 2 ) p lf 2 x, U— (x t f + x 2 2 -x 8 2 ) p 2 , 

2 x 8 U + ( Xl 2 + x 2 2 - x 8 2 ) p 8 . VIII. 

where 

U = x 1 p 1 + x a p 2 + x 8 p 8 + p i , 

w =s= Xj -J- X 2 ~f- X, . 



CHAPTER JJ. 

DISCUSSION OF THE GROUPS IN SPACE OF THREE 

DIMENSIONS, 

Definition. — A general point under a transitive r- 
parametric group in n-dimensions is one for which all 
the n-rowed determinants of the matrix do not identi- 
cally vanish. A general point, under an instransitive 
group, is one for which the largest non-vanishing deter- 
minants of the matrix do not all vanish. 

Definition. — A group is systatic, when by holding a 
general point fixed, all the points of a certain manifold- 
ness remain at rest. All of the groups under discussion 
are systatic, because all the transformations are per- 
mutable with r. We can see this directly, for by hold- 
ing fixed the point x = y = z = o, which is a gen- 
eral point, all the points x = o y=o z = z remain at 
rest. There are therefore oo l points which can not take 
oo 2 positions after holding x = y = z = o fixed. On 
the other hand a general point can do this. 

Group I. 

p, q, xp + r, yq + kr, 
x , p+2xr ) y 2 q + 2 k y r. 

The invariant of two points has the form : 

I — z t + z, — log (x,— x,) 2 — k log (y t — yj 2 . 
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The three-parametric sub-group obtained by holding 
the point x = y = z = o fixed is : 

yq — kxp, x*p + 2xr, y a q + 2kyr. I. 

The group is of course instransitive and any point, for 
which both x and y are not equal to zero, is a general 
point. If we hold the point x , y , z , (x #= o, y =£ o) r 
fixed the resulting sub-group has the form, 

^kx„y x-ky,x'j p + (y'-y y.) q+ ^kx y-2ky.xj r 

The differential equations for determining the path 
curves are these : 

d x'_ . „ x' (x — x') 



= ky 



dt " x 

dy' = y , (/ _ y)( 

a t 

where [x'] 1=0 = x, etc. We get then from these two- 
equations and that of the pseudosphere 



x'=xe k y«t, v'=-A 



x" v' 

z'= z + log— ^ + k log ^- . 

x y 

However large t may become it is impossible for a point 
to return again to its initial position. By setting the 
coefficients of p, q and r equal to zero, we see that the 
only points remaining at rest are : (o, o, z) and (x , y , z). 
If however we choose x = o, or y = o, which we obvi- 
ously have a right to do, as in both cases the point is 
general, we obtain much simpler forms for the path- 
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curves and, instead of all the points of two curves re- 
maining at rest, all the points of a certain surface re- 
main stationary. 

For x = o, y =£ o, the sub-group has the form 

x* p + 2 x r. 

Here it is obvious that all the points of the surface 
x = o remain at rest. The equations of the path-curves 
are easily found to be 

— x 



1 t X + I 

yi=y. 

x' 

z' sbb Z + 2 log ~. 

x 

Each of the surfaces of the set y = const, is invariant. 
For y = o, x ^= o, the sub-group is 

y 1 q + 2 k y r. 

All the points of the surface y = o remain at rest and 
the equations of the path-curves are 

x' = x, 

y'= ~ y 



yt- i 
z' = z + klog^. 

y 

Each surface of the set x = const, remains invariant 
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Gpoup ii. 

p, q, xq + r, x , q+2xr, 
xp + yq + Ar, x 2 p+2xyq+(2Ax + 2y)r. 

The invariant of two points is : 

I - Zl + z a - A log (x,- Xl ) 2 - 2 hZJi. 

x a x x 

By holding the general point x = y = z = o fixed we 
get the sub-group 

x p + (y — A x) q, x 8 q + 2 x r, 
x 2 p + 2 x y q + (2 y + A x) r. 

Examination of the matrix shows that all points, with 
the exception of those for which x and y are both equal 
to zero, are general points. If we hold the general point 
(o, y , z ,) y =£ o, z =£ o fixed, we obtain the sub-group 

x* q + 2 x r. 

The finite equations are then : 

x' = x ; y' = y + x s t ; z' = z + 2xt. 

Here all points of the surface x = o remain fixed 
and each surface in the set of surfaces x = const, is in- 
variant. If on the other hand we take our point outside 
of the surface x = o, there exists no surface all of 
whose points remain at rest. 

The sub-group, obtained by holding x , y , z (x ^ o, 
y =£ o) fixed, is : 

x (x - x ) p + } (Ax - y) x - x ' (y « +A Xo) + 2xy } q 

\ Xq j 

+ {2(y + Ax)- 2x(y « + Ax <' ) } 



-j-u., .-„ i U | ■■■hpmwj — ri*i 
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and we see that only the points (o, o, z) and (x^, y , z ) 
remain at rest. 

Group III. 

p-yr, q+xr, r, 
xq, xp — yq, y p. 

The invariant of two points is : 

l = Zj — Zj t Xj 3 r 2 — x 2 y lm 

The invariant sub-group obtained by holding the gen- 
eral point x = y = z = o fixed is : 

xq, xp — yq, yp. III. 

By examining the matrix we see that all points, except 
those for which x and y both are equal to zero, are gen- 
eral points. 

The one-parametric sub-group, obtained by holding 
the second point x , y , z , (x =£ o, y =£ o) fixed, is : 

from which the finite equations are : 



x' — x + -°f x - *°) t, 

y<> v y</ 

y' = y + (x- x °y)t, 



z=z'. 

Here, in contrast to the other groups that we have 
examined, all the points of the surface x y — x y = o 
remain at rest 
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If we take x = o the sub-group takes the simple form 

xq 

with the finite equations : 

x' = x ; y' = y + x t ; z' = z, 

and the path-curves are parallel to the y-axis. All 
points in the surface x = o remain at rest. If we take 
y = o we get the sub-group x p with path-curves par- 
allel to the x-axis. In this case we see that, wherever 
we may choose our general point, all the points of a cer- 
tain surface are invariant, while with the other two 
groups that was not the case. 

Group IV. 

p, qr, xq + yr, 2xp + yq, 
x'p + xyq + £y a r. 

The invariant of two points is : 

1 = 2 - r — ( y » "~ y i)' 

2 (X 2 — X x ) 

The sub-group determined by holding the general point 
x = y = z = o fixed is the following : 

xq + yr, 2xp + yq, IV. 

x 2 p+xyq + £y 2 r. 

If we examine the two-rowed sub-determinants of the 
matrix we see they do not all vanish except for the 
values x = o, y = o, so that we can choose any point 
for which both x and y are not at the same time equal 
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to zero. We shall see that in this case wherever we 
may choose our second point there will be no surface 
the points of which all remain at rest. The one-para- 
metric group formed by holding x , y , z , (x =t o, y j= o) 
fixed has the form : 

| r 2xx -2x' \ + / y o x + yx -2xy ~\ + f y y - y* \ ^ 
V. x J V Xo J v. x y 

For x = o the sub-group is : 

x 2 p + (x y — ^ y x) q + |(y 2 — y y ) r 
and for y = o the sub-group has the form : 

(x 2 — x x)p + (xy — £x y)q + |y 2 r. 

In each of the three cases the only invariant points are 
the ones on the two lines which are parallel to the z-axis 
and pass through the stationary points. If we determine 
the finite equations of the group, we find that as in all the 
other cases the path-curves are not closed. In this case 
the expressions are very complicated, but we need only 
to determine x to see the truth of the statement. 

Group V. 

In this group, as we have seen, both m and k x can not 
be set equal to zero. If one of them however be set 
equal to zero, the other can be made equal to one and 
for convenience of discussion we can write our group 
in the form : 

p, q, xq — yp, 

U, 2xU-Sp, 2yU-Sq, 

U = xp + yq + r, S - x 2 + y\ 
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The invariant of two points is : 

j( Xl -x a ) a +( yi -y 2 ) 8 }e-^^) 

and the sub-group, obtained by holding the general 
point x = y = z = o fixed is : 

xq-yr, 2xU-Sp, 2 y U - S q. 

For the second point we may choose any point for 
which both x and y are not equal to zero. However 
ingeniously we may choose our points it is impossible 
to bring the one-parametric sub-group to a very simple 
form. In four dimensions and in fact in n dimensions, 
where we find groups analagous to this we shall see that 
for any value of n > 3, we can always choose our points 
so that the one-parametric group shall take the form of 
a rotation. The one-parametric group is in the case 

n = 3 : l 

1 x o + y x 2 +y ) 

from which the finite equations are the following : 

« 

x > + 1 y/. (*o + i y ) (x + i y) 

. {x — x+i(y — y)}e u + x-f iy 

x '» _i- v ' 2 

z'^z+log?^^ 

x* + y a 

However we may choose x and y , the only real points 

1 Theory of Transformation Groups. Vol. Ill, p. 459. 
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remaining at rest are those of the straight lines through 
the points (o ,o, o,) and x , y , z , parallel to the z-axis. 
From the finite equations it is easy to see that the path- 
curves are closed. 

Of all the one-parametric sub-groups there is only 
one, namely, that of group III, which leaves all the 
points of a certain surface invariant wherever we may 
choose the same general point x , y , z . On the other 
hand there are two, namely, those of groups I and II, 
which have this characteristic, in case we suitably 
choose our general point x , y , z . Finally, there are 
two which under no conditions leave all the points of 
a surface invariant. 



CHAPTER III. 

THE GROUPS IN SPACE OF FOUR DIMENSIONS. 

The only groups in space of four and five dimensions 
of those determined by Kowalewski, which satisfy 
the axiom of unrestricted motion in either sense be- 
sides the Euclidian and non-Euclidian groups, are the im- 
primitive groups we have numbered VI, VII and VIII, 
and two groups analogous to VI and VII in space of five 
dimensions. Kowalewski has shown that groups 
analogous to VI and VII exist in space of n dimensions. 
Further, from analogy between groups VII and V, he 
draws the conclusion that the one parametric sub-group, 
obtained from VII by holding three general points sta- 
tionary, has closed path-curves. By suitably choosing 
our general points we shall prove the truth of this state- 
ment, without being compelled to resort to the long inte- 
gration which would be necessary if we chose our points 
entirely general. 

Group VII. 

Pi> P*« P$» x i P* — x 2 Pi» x » Ps — x » P*» 
x »Pi — x iP 8 . U> 2X!U — Sp lt 
2 x 2 U — S p„ 2 x 8 U — S p 8 , 

U = x x p x + x a p 2 + x s p s + p 4 = S = x x 2 + x, 2 + x s 2 . 
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The invariant of two points is : 

( ) — (x 4 +y 4 ) 

1= | ( Xl -y0'+(x,-yj'+(x 8 -y 8 )«{e 

Our six-parametric group obtained by holding the 
general point P x = (o, o, o, o) fixed is the following : 

*lPl — *>Pp X 2 p, -X,p a , Xj^-XjP,, 

2 Xj U — S p lf '2 x 2 U — S p 2 , 2 x, U — S p 8 . 
The matrix is in this case : 



-x, 






Xi 




o 




o 


o 






-x 8 




x 2 




o 


x 8 






o 




— *1 




o 


X i x 2 


A 8 




2 X X X 2 




2X!X 8 




2 Xl 


2 XjXj 




X, 


' — x 2 — 

A 8 


*x* 


2 X 8 X 8 




2X, 


2 X g X! 






2 X 8 X 2 




2 2 

X,' - X,' 


-x," 


2x j 



For no values of the variables except x l = o, x 2 = o, 
x 3 = o, do all the three-rowed determinants vanish. If 
we choose for our second point P 2 = (o, o, z 3 , z 4 ), where 
z 3 =£ o, we obtain the sub-group : 

Xi p, — x a p„ 2 x x U — S p x + z 8 (x 8 p x — x x p 8 ), 
2x 2 U-Sp,-z s (x 2 p 8 — x 8 p 2 ). 

For our third point we may take P 3 = (o, o, z' 8) o), 
where z 3 =£ z' 3 =£ o, for in this case the matrix is : 

o o o o 

— z'\ + z 8 z' 8 o o o 

o — z" 8 + z 8 z' 8 o o 
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in which all the two-rowed determinants do not vanish. 
We get then our sub-group in the form : 



x i P* — x * P 



i* 



In space of five dimensions the result is exactly the 
same and, if we examine the analogous group in n di- 
mensions, we see that it is always possible to choose our 
general points so that our one parametric group shall 
take the form of the rotation « 

x iPk~ x kPi. (i < n, k < n.) 

From this fact alone, however, we can not draw the con- 
clusion that our sub-group always has closed path-curves, 
wherever we may choose our three general points, as we 
shall see in the case of group VIII. 

Group VIII. 

Pl» P«» Ps» X l P2 — X 2 Pi. X l P» + X 8 P*> 

x 8 p 1 + x 1 p 8 , U, 2^11-Sp,, 
2 x, U - S p„ 2 x 8 U + S p s . 

U = x x p x + x 2 p. 2 + x 8 p s + p 4 , S = x x a + x 2 2 — x 8 a . 
The invariant of two points is : 

1= J (x x - y,) 2 + (x a - Yi y - (x, - y 8 ) 2 } e 

The six parametric sub-group obtained by holding the 
general point P x = (o, o, o, o) fixed is : 

x iPa-" x 8 Pi» x a P 8 + x sP2> x sPi + x iPs> 
2 x x U — S p lf 2X,U-Sp„ 2 x 8 U + S p 8 . 
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The matrix is in this case : 



-x 2 




x l 


O 






o 


o 




x s 


x 2 






o 


x 8 




o 


X l 






o 


Xj — X 2 -f Xj 




2 Xj X 2 


2X 1 X 3 






2 X x 


2 X X X 2 


x a 


- «,* + x.' 


2 X 2 X 8 






2 X 2 


2X 8 X l 




2 X 3 Xj 


2 i 2 
X 8 + X l 


+ 


x a 

A 2 


2X 8 



For no values of the variables except x x = x 2 = x 3 = o, 
do all the three rowed determinants vanish. If we 
choose for our second point P 2 = (z x o, o, z 4 ), where z^o 
we obtain the sub-group : 

x 2 P8 + x, p 2 , 2 x 2 U — S p a + (x x p 2 — x 2 pj) z x 
2 x, U + S p 8 - (x 8 p x + x x p 8 ) z v 

If we choose for our third point P 3 = (z' v o, o, o), 
where z x =£ z x =£ o, we have the matrix : 

o o o 

o — z'\ + z* z 1 o 

o o z\ 2 — z\ z x 

which shows that our point is general. We obtain then 
for our one parametric sub-group : 

X 2 P8 + X 8 P2 

which plainly has not closed path-curves. If, on the 

other hand, we choose for our second point 

P 2 = (o, o, z 3 , z 4 ), where z 3 =£ o, we get the sub-group : 

x i P2 — x » Pd 2 x x U — S p x — z 8 (x x p 8 + x 8 p x ), 
2 x a U + S p 2 + z 8 (x, p 8 + x 8 p 2 ). 
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Further, by holding the point P 3 = (o, o, z' 3 , o) where 

2 3 =£ z' 3 =£ o, we obtain for the sub-group, the rotation : 

 

*1 P* - X 2 Pi' 

We see then that in this case the path-curves are closed, 
while in the other they are not. This has its explana- 
tion in the fact that in general a triplet of points can 
not be transformed into every other triplet by means of 
a transformation of the group. Each triplet has three 
independent invariants ; and it is possible to transform 
one triplet into another only when the three invariants 
of one are equal to three invariants of the other. If 
then in one case the path-curves are closed, they will be 
so in the other and vice versa. 

Let us examine now our group VII and see if it is pos- 
sible to choose such a point-triplet that our path-curves 
would not be closed. The special point-triplet we used 
in determining our sub-group was : 



P 1= (o 


o 


o 


o) 


P,= (o 


o 


Z 8 


o 


P.= (o 


o 


z', 


o) 



The invariants obtained by setting the co-ordinates of 
these three points in the general form for the invariant 
of two points are : 



I = z 2 e 



I» = V 

I«= (z 8 -z's) 8 e 
For all positive values z 3 z f z and z 4 , the invariants are 
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positive and never equal to zero. They are further in- 
dependent with respect to z 3 , z' 3 and z 4 , as we see from the 
functional determinant. If we choose any real positive 
values whatever and set them equal to the expressions 
above, we can solve for z 3 z' 3 z 4 . If we set 

z\ e~~= a 8 , z'\ - b 2 , (z 8 - z' s ) 2 e~^ c' 

and solve, we obtain the real values : 

/ u a b , b 2 

z\ = b, z, = , z 4 = log 



i — c i — c 



From the form of the general invariant, we see that all 
triplets of general points have positive invariants which 
-can never be equal to zero. If, therefore, we choose any 
triplet of points whatever, we can always determine 
z 3 , z' 3 , z 4 bo that the invariants of the one triplet will be 
equal to those of the other and we can therefore trans- 
form one into the other by means of a transformation of 
our group. In our special case the path-curves were 
closed and we therefore know that they are closed in 
general. 

The one-parametric sub-group of group VIII has 
closed path-curves, as we have seen, when we hold fixed 
the triplet of general points : 



Pi-(o 


o 


o 


o) 


P.-(o 


o 


Z 3 


o 


P.-(o 


o 


z' 

A 8 


o) 



The invariants obtained from setting these values in 
the general form of the invariant are : 



3° — 



I., 


:= 


— 


z',e 


6 4 






I,. 


= 


— 


*". 








I» 


^ 


— 


(*.- 


-z' 


V 

8/ 


e 



— Zj 



The expressions are all negative, and never equal to 
zero for the possible values of z 3 , z' 3 , z\. Further they 
are independent with respect to these quantities as we 
see from their functional determinant. By the same 
reasoning as before, we see that if we choose any triplet 
of general points whatever whose invariants are all neg- 
ative, we can always determine z 3 , z' 3 , and z 4 , so that the 
invariants of the one triplet will be equal to the invariants 
of the other and we can therefore transform one into 
the other by means of a transformation of the group. 
We have then the result that all groups, obtained by 
holding stationary a triplet of general points whose inva- 
riants are all negative, have closed path-curves. The 
question then arises, whether these are all the sub- 
groups that have this characteristic. The question can 
be answered in the affirmative, for we know that group 
VII is similar to group VIII by means of the transfor- 
mation x' 3 = i- x 3 , and x x p 2 — x 2 p 3 is the only transfor- 
mation of the group which remains invariant under this 
substitution. The invariants of the three fixed points 
are transformed into 

I 12 = - z s 'e-^, I 18 = - z'.V 1,3= - (z 8 ° - z'^'e -*. 

We see then that only those point triplets whose invari- 
ants are all negative give us groups with closed path- 
curves. 

We have now only the group VI to discuss. This is 
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analogous to group III in space of three dimensions and 
has not closed path-curves. This I have not been able 
to prove as in the case of the two groups above by an 
ingenious choice of the general points. We can how- 
ever so choose our points that the sub-group appears in 
a very simple form. 

Group VI. 

Pi - x 2 p„ p 2 + x x p 8 , p 8 , Xl p 2 , 

X lPl — X 2 P 2 > X 2 Pl> XsPs + U, 

x sPi — x,U, x s p 2 + x 1 U, x 8 U, 
U — x i Pi + x 2 p 2 + x 8 p 8 + p 4 . 

The sub-group obtained by holding the point (o, o, o, o) 
fixed is : 

x iP 2 » x iPi — X 2P 2 » x 2 p lf x 8 p 1 — x 2 U, 
x s P 2 + x i U, x, U. 

As second general point we can choose (o, o, z 3 , z 4 ) where 
z 3 =£ o, and we obtain the sub-group 

x iP*» x iPi- x 2 .P 2 » x «Pi- 

As third general point we can choose (z v o, z 3 , z 4 ) where 
z t ^ o, and we get the very simple group 

x *Pi. 

in which the path-curves are plainly not closed and run 
parallel to the x r axis. All the points in the manifold- 
ness x 2 = o remain at rest. Group VI has its analogous 
group in n dimensions and it is easy to see that by suit- 
ably choosing our points we can always obtain the one- 
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parametric sub-group in this simple form. It is impos- 
sible in this case to show by the form of the invariants 
that the path-curves are in general closed. To do this 
it is necessary to determine the sub-group that leaves 
the point-triplet (o, o, o, o), (z lf z 2 , z 3 , z 4 ), (z'„ z' 2 , z' 3 , z\) y 
invariant and then calculate the finite equations of the 
group. In that case we would find that analogous to 
group III all the points of a plain manifoldness would 
remain at rest. It is interesting to note that with all 
the groups, except V and VIII, the invariant of two gen- 
eral points can vanish without the points coinciding. 
If we interpret axiom C as meaning that after holding 
a general point fixed it is possible' to define a space 
about that point, such that every point contained there- 
in can take oo 2 positions in space of three dimensions 
and oo 3 positions in that of four, then, as Lie 1 in his 
publication of 1890 points out, these eight groups must 
be excluded and we have only the Euclidian and non- 
Euclidian groups. If however we give axiom C the in- 
terpretation that after holding a point stationary a gen- 
eral point can take oo 2 positions or oo 3 positions as the 
case may be, then we must include the groups above. 
In this case we see that if we call the monodrom axiom 
to our aid, the groups V and VII would still have to be 
included. We see then that in one case the monodrom 
axiom is superfluous and in the other insufficient to de- 
fine the Euclidian and non-Euclidian groups. 

1 Leipziger Berichte, 1890. 
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